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Assume that the class number h of an algebraic number field k is relatively 
prime to (k : Q) and that k/Q is galois. I f  (a, m) = 1, then there are infinitely 
many primes 
p = amodm 
which have principal prime ideal factors in k. 
In a recent paper [l], I solved a conjecture of Schinzel on integers in 
arithmetic progressions which factor into principal ideals in a number 
field. I now prove a further result. Specifically, I prove 
THEOREM I. Suppose the number field k is galois over the rational 
numbers Q and has class number h. Let n = (k : Q) and take m > 1 and a 
to be any integers with (a, m) = 1. If (n, h) = 1, then there are infinitely 
many rational primes p with 
p-amodm 
which factor into principal prime ideals in k. 
Proof. Let CF(k) be the Hilbert class field of k and let G and H denote 
the galois groups G(CF(k)/Q) and G(CF(k)/k), respectively. Then H has 
order h and is a normal subgroup of G. Also (G : H) = (k : Q) = n. 
Since (n, h) = 1, the Schur-Zassenhaus Lemma [2] applies to give a sub- 
group A of G for which G is a semidirect product of A and H. Let L be 
the subfield of CF(k) with galois group G(CF(k)/L) = A. Note that 
CF(k) = kL and that k n L = Q. 
I now show that if a prime ‘$3 of CF(k) has its Frobenius automorphism 
[(CF(k)/Q)/v] in A, then p = ‘$ n Q splits into principal prime ideals in 
k. We need only note that the restriction map 
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gives an isomorphism of G(CF(k)/L) and G&/Q). Also 
Thus if [(CF(k)/Q)/Y@] is in A, then p = ‘$3 n Q gains the same degree in 
both k and W(k). Since k/Q is normal, p splits into principal prime ideals 
in k. 
Next we note that L n Q(c) = Q where 5 is a primitive m-th root of 
unity. Suppose some rational prime q has ramification index e’ in L n Q(c). 
Then e’ divides (L : Q) = h. On the other hand, e’ must divide the ramifi- 
cation index e of q in Cl”(k). But e divides n, so e’ also divides n. Hence 
e’ = 1 and L n Q(c) = Q. Therefore, the substitution determined by 
%(5> = 5a (a, m) = 1 
is in G(L({)/L). By the Cebotarev density theorem, the set of primes P of 
L with Artin Symbol 
has positive density. Since almost all primes of L are of degree 1 over Q, we 
need only consider such primes P. Now (L(&L/P) = o‘, and P linear over 
Q implies 
P = II p IL = a mod m. 
Now let ‘!! be a divisor of P in CF(k). Since P is linear over Q we have that 
[(CF(k)/Q)&J] is in A and, as was shown above, p = ‘$I n Q must split 
into principal prime ideals in k. This gives the desired result. 
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